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A Modified Fractional Calculus
Approach to Model Hysteresis
This paper describes the development of a fractional calculus approach to model the
hysteretic behavior shown by the variation in electrical resistances with strain in con-
ductive polymers. Experiments have been carried out on a conductive polymer nanocom-
posite sample to study its resistance-strain variation under strain varying with time in a
triangular manner. A combined fractional derivative and integer order integral model
and a fractional integral model (with two submodels) have been developed to simulate
this behavior. The efficiency of these models has been discussed by comparing the results,
obtained using these models, with the experimental data. It has been shown that by using
only a few parameters, the hysteretic behavior of such materials can be modeled using
the fractional calculus with some modifications. �DOI: 10.1115/1.4000413�
Introduction
Hysteresis represents a property of systems that show depen-

ence on the input history applied to it, i.e., the output at any time
nstant depends on the input applied to the system both at the
resent time as well as at the previous history; consequently the
ame instantaneous value of the input can give different outputs
epending on the entire input history. Hysteretic phenomena are
ncountered in various branches of engineering, such as magnetic
ysteresis, electrical hysteresis, ferroelectric hysteresis, electron
eam hysteresis, adsorption hysteresis, and so on. The viscoelastic
ehavior of composite laminates �1,2� and the rheological behav-
or of polymers �3� are other well-known examples of hysteretic
ehavior.

Different mathematical models have been developed, depend-
ng on the type of hysteretic behavior, and successfully applied in
hese fields. Resistance-strain variation in conductive polymers is
n important property that requires a proper hysteresis model for
ts characterization. Conductive polymers generally have a high
lectrical conductivity and a low elastic modulus. They can be
sed as possible sensors to measure large strains in inflatable
tructures, such as tires. Our research has been motivated by our
eed to use conductive polymers for large-strain sensing. Some
tudies on the unsteady behavior of conductive polymers can be
ound in Refs. �4–6�. Hysteresis models are either physics based
r empirical. Physics based models, being mainly microscopic and
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semimicroscopic, involves the application of the energy principle
and thermodynamic, electromagnetic, or other laws depending on
type of the problem at the grain level �7�. The main disadvantage
with such models is the requirement of a large number of material
parameters.

Our goal was to develop a mathematical model for the calibra-
tion of a large-strain sensor, we were therefore more interested in
empirical models that require fewer parameters and are suitable
for practical applications, such as the structural health monitoring
of inflatable structures. We first reviewed two of the several ex-
isting hysteresis models, namely, the Preisach and the fractional
calculus approaches. We found out that both these approaches in
their traditionally used forms did not lend their application to our
data readily. We developed a modified fractional calculus ap-
proach to represent the path-dependent behavior of conductive
polymers.

Preisach �8� in 1935 developed the well-known model to rep-
resent the path-dependent behavior of magnetic materials based
on some plausible hypothesis concerning the physical mecha-
nisms of magnetism. Everett and Whitton �9� independently de-
veloped the model for adsorption hysteresis. In the Preisach
model, the hysteresis is considered as a combination of numbers
of elementary hysteresis operators ��,��u�t��, which can be repre-
sented by rectangular loops with � and � as the up- and down-
switching values, respectively, as shown in Fig. 1. When the input
increases monotonically and reaches a value �, the operator goes
to the upswitched state and reaches a value of 1; and when the
input decreases monotonically and reaches a value �, the operator
goes to the downswitched state and reaches a value of −1. The
governing equation for the classical Preisach model is given in

Eq. �1�. Here the output f�t� is assumed to be a weighted combi-
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ation of the outputs of different elementary hysteretic operators;
�� ,�� is the weight multiplied by the output of the operator

�,��u�t�� and the combination of ��� ,����,��u�t�� for different �
nd � gives the output f�t�. The main aim is to determine the
alues of the weight function ��� ,�� for different possible com-
inations of � and � to characterize the system

f�t� =� �
���

���,����,��u�t��d�d� �1�

Subsequently, several modifications were proposed to take care
f the dependence of the output on the rate of input, the stabili-
ation process, and so on. Cornejo and Missell �10� used the Prei-
ach model to model nanocrystalline magnets. Roshko and Huo
11� characterized the irreversible response of a ferromagnet per-
vskite �SrRuO3� with a Curie temperature of 160 K. Vanden-
ossche et al. �12� investigated the application of magnetic hys-
eresis measurement combined with the Preisach model for the
valuation of the fatigue damage progression. The determination
f the weight function ��� ,�� and a very high computation time
re major problems in using the Preisach model. Schiffer and
vanyi �13� showed the use of wavelets to solve these problems.
he weight functions ��� ,�� were derived for some �� ,�� and

wo-dimensional wavelet average interpolation transform was ap-
lied to interpolate the function at other �� ,��. Yu et al. �14�
epresented system outputs and the Preisach function by wavelet
pproximation.

Fractional derivatives were first discussed in 1695 by l’Hospital
n a letter to Leibniz �15,16�. Later on researchers like Euler �17�,
acroix �18�, Hardy �19�, and Osler �20� made significant contri-
utions to the theory of fractional calculus. This approach has
roven to be very effective in modeling the dynamic behaviors of
ifferent kinds of materials, especially of viscoelastic materials
howing hysteresis coupled with relaxation. Nutting �21� observed
hat stress relaxation could be modeled by fractional powers of
ime. This can be viewed as the progenitor of the fractional cal-
ulus approach of modeling viscoelastic behavior �22�. Gemant’s
23� observation on stiffness and damping properties of viscoelas-
ic materials to be proportional to the fractional powers of fre-
uency was another motivating factor behind this. The basic prin-
iple behind this type of modeling is to express the relation of
ime-dependent output f�t� with the time-dependent input u�t� as
n equation involving fractional differential and integral opera-
ors. An example of such an equation can be Eq. �2�. Da represents
erivative and Ja represents integral of order a. Here 0�a�1.
k ,ak�k=1, . . . ,N� are material parameters, which are determined

Fig. 1 Operator in the Preisach model
y using experimental data
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f�t� + �
k=1

L

CkD
ak�f�t�� = CL+1u�t� + �

k=L+2

N

CkD
ak�u�t��

+ �
k=N+1

M

CkJ
ak�u�t�� �2�

Output f�t� for time-dependent input u�t� is determined experi-
mentally and by minimizing the sum of the square of difference
between the output obtained from the experiment and the output
predicted by the model at the data points, the values of Ck ,ak�k
=1, . . . ,N� are determined. Depending on the value of N, numbers
of unknown parameters vary in the model. Scott-Blair and Reiner
�24�, and Belavine et al. �25� applied fractional derivatives in the
field of rheology and electrochemistry, respectively. Bagley and
Torvik �26,27� showed the use of fractional derivatives to model
the viscoelastic behavior. Thermodynamic constraints, based on a
non-negative rate of energy dissipation and non-negative internal
work were used for the selection of material parameters. de Es-
pindola et al. �28� proposed a model based on four unknowns in
the fractional differential equation to identify different mechanical
properties of viscoelastic material. Horr and Schmidt �29� mod-
eled frequency dependent damping characteristics of viscoelastic
materials using fractional derivatives. Davis et al. �30� used a
fractional derivative to determine constitutive properties of brain
parenchyma. They used the fractional Zener model with four un-
knowns and obtained relaxation and creep properties of the mate-
rial.

The main advantage of the fractional calculus model is that it
needs a very few number of parameters for characterization. This
has been successfully applied to model the variation in resistance
with strain in the conductive polymer. First of all, experiments
carried out on a conductive polymer to study the variation in
resistance with strain in the material has been described. Then,
behaviors of different functions operated by fractional calculus
operators have been discussed and the application of these opera-
tors to simulate the behavior of the material has been shown. Two
models based on the fractional calculus approach have been de-
veloped. Results of these models have been compared with the
experimental result and concluding remarks have been made.

2 Experimental Details
The conductivity test was carried out on a conductive polymer

sensor to study its variation in electrical resistance with strain. The
experimental setup used for this test is shown in Fig. 2. The
sample was clamped at the two ends of the linear stage �NLS4-
10-25 by Newmark Systems Inc., Mission Viejo, CA�. The top
clamp of it is fixed. The bottom clamp can move and apply strain
to the material at a desired rate. Movement of the bottom clamp
can be controlled by the “IMS LYNX TERMINAL,” a software pro-
vided by Intelligent Motion Systems Inc., Marlborough, CT. This
helps us to apply strain to the material with a desired rate. The two
ends of the sample close to the clamps are connected to a 46-range
digital multimeter with an interface to a computer through a serial

Fig. 2 Experimental setup
port �RS-232�. The multimeter shows the resistance of the portion
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f the material between the connected ends. Readings of the mul-
imeter are stored in the computer through a program “METERVIEW

.0,” provided by Radioshack, Blacksburg, VA. Using this setup, a
ime-dependent strain can be applied to the sample and its resis-
ance can be measured at different time instants at different strain
evels. Time-dependent cyclic strain input, as shown in Fig. 3�a�,
ith a strain rate of 3/20 percent per second was applied to the

ystem and time-dependent resistance was measured. The change
n output resistance with input strain and time is shown in Figs.
�a� and 4�b�. The output obtained from the experiment contained
high frequency noise, which was removed by using a low-pass
lter to smooth the experimentally obtained curve. In Figs. 4�a�
nd 4�b� unfiltered and smoothed �filtered� data have been pre-
ented. Smoothed data obtained after performing two sets of ex-
eriments have been shown to ensure the repeatability of the ex-
eriment. Smoothed data obtained from the first experiment has
een used later on for developing the mathematical model. Let us
erm this data set as data set 1. After this the material was allowed
o relax and another experiment was performed by applying a
train, as shown in Fig. 3�b�, with a higher strain rate of 3/10

Fig. 3 Ap
Fig. 4 Experim

ournal of Applied Mechanics
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percent per second. Results obtained from this experiment are
shown in Fig. 4�c�. Let us call it data set 2.

3 Fractional Calculus Operators and Their Properties
Fractional calculus allows the definition of the derivative and

integral of generalized order. This often helps in creating a com-
pact representation of a system. Fractional derivative Da and frac-
tional integral Ja of a function u�t� can be defined as

Da�u�t�� =
1

��1 − a�
d

dt�0

t
u���

�t − ��ad� �3�

Ja�u�t�� =
1

��1 + a�
d

dt�0

t
u���

�t − ��−ad� �4�

Here, � is the gamma function. Fractional derivatives and inte-
grals at time tm can be calculated numerically by using the fol-
lowing expressions �15,31�:

ed strain
pli
ental results
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Da�u�t�� =
	t−a

��2 − a�� �1 − a�
ma u0 + �

j=0

m−1

��j + 1��1−a� − j�1−a���um−j

− um−j−1�� �5�

Ja�u�t�� =
	ta

��2 + a�� �1 + a�
m−a u0 + �

j=0

m−1

��j + 1��1+a� − j�1+a���um−j

− um−j−1�� �6�

here uj =u�j	t�. The time interval �0, tm� is divided into m
qually spaced sections of size 	t.

In the frequency domain Fourier transform of u�t� and its de-
ivatives and integrals of order a are related by Eqs. �7� and �8�

GD�
� = �i
�aU�
� �7�

GJ�
� = �i
�−aU�
� �8�

here U�
�, GD�
�, and GJ�
� denotes the Fourier transform of
�t�, its derivative and integral.
Derivatives and integrals of pure sinusoidal functions can be

haracterized by a phase-shift and the modulation of amplitude,
epending on the frequency of the sinusoidal function and order
f derivatives and integrals, as shown in the following equations:

Da�sin�
t�� = 
a sin	
t +
�a

2

 +

�
t�−1−a


��− a�
−

�
t�−3−a


3��− a − 2�
+ . . .

�9�

Da�cos�
t�� = 
a cos	
t +
�a

2

 +

�
t�−2−a


2��− a − 1�
−

�
t�−4−a


4��− a − 3�

+ . . . �10�

Ja�sin�
t�� = 
−a sin	
t −
�a

2

 +

�
t�−1+a


��a�
−

�
t�−3+a


3��a − 2�
+ . . .

�11�

Ja�cos�
t�� = 
−a cos	
t −
�a

2

 +

�
t�−2+a


2��a − 1�
−

�
t�−4+a


4��a − 3�
+ . . .

�12�
The first term in both Eqs. �9� and �10� shows a forward phase-

hifting of the periodic function being operated by the differential
perator by an amount �a /2, where a is the order of the deriva-

Fig. 5 Derivative an
ive. When the derivative of the periodic function is plotted

31004-4 / Vol. 77, MAY 2010
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against the actual periodic function it gives rise to a clockwise
hysteresis loop due to this forward phase-shift, as shown in Fig.
5�a�. Similarly, the first term in both Eqs. �11� and �12� show a
backward phase-shifting of the periodic function being operated
by the integral operator by an amount �a /2, where a is the order
of the integral. When the integral of the periodic function is plot-
ted against the actual periodic function it gives rise to a anticlock-
wise hysteresis loop due to this backward phase-shift, as shown in
Fig. 5�b�.

A constant function x0 decays sharply while operated by frac-
tional derivatives and increases with time at a decaying rate on
being operated by fractional integrals, as shown in Eqs. �13� and
�14�

Da�x0� =
x0t−a

��1 − a�
�13�

Ja�x0� =
x0ta

��1 + a�
�14�

Hence, under the operation of a fractional differential operator
the nonharmonic component of a function dies out shortly and its
harmonic components gives rise to a closed loop clockwise hys-
teresis and on the other hand the same function shows an anti-
clockwise hysteresis with a hysteresis loop moving upward with a
number of cycles when it is operated by a fractional integral op-
erator.

4 Development of the Fractional Calculus Model
The main features of the hysteresis in the resistance-strain be-

havior of conductive polymer are the following:

1. The anticlockwise hysteresis loop moves upwards with a
number of cycles and the width of the hysteresis loop does
not necessarily remain constant.

2. When the strain is kept at a constant level the value of the
resistance is observed to relax.

Based on these observations and the discussion in Sec. 3 two
models are developed in this study to model these features. These
models are based upon representing the output resistance as a
combination of different fractional order derivatives and integrals
with some modifications. In these models, an error function em has
been defined

em = Rex�tm� − R�tm� �15�

Rex�tm� is the value of the resistance obtained from the experi-
ment at t= tm and R�tm� is the resistance obtained from the math-
ematical model. Then considering all the data points in the inter-

ntegral of order 0.5
d i
val �t0 , tn�, error e has been defined. Error e is minimized for all

Transactions of the ASME
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he models to find the unknown parameters associated with these
odels. Error minimizations were accomplished using the func-

ion “fmincon” in the optimization toolbox of MATLAB

e = �
m=0

n

�Rex�tm� − R�tm��2 �16�

4.1 Model 1: Combined Fractional Derivative and Integer
rder Integral Model. In this model the change in resistance has

een assumed to be a combination of a linear function of strain,
ractional order derivatives of strain, with each frequency compo-
ent shifted backward and integer order integral of different pow-
rs of strain, multiplied by an exponentially decaying function. It
an be written as

R�t� = C0��t� + �
k=1

N

CkDPh
ak ���t�� + �

l=1

M−N

Cl+M�
0

t

e−pl�t−������qld�

�17�

DPh
ak is a derivative of order ak with a phase of the each fre-

uency component of derivative shifted by �bk /2, where bk�0.
f ��t� can be written in terms of its Fourier components as

��t� = �
i=0

N

xi cos�
it� + �
i=N+1

2N

xi sin�
i−Nt�

Ph
ak can be defined as

DPh
ak ���t�� = Dak��Ph�t�� �18�

here �Ph�t� is given by the following equation:

�Ph�t� = �
i=1

N

xi sin	
it +
�bk

2

 + �

i=N+1

2N

xi cos	
i−Nt +
�bk

2



�19�

In the frequency domain the Fourier transform of �Ph�t� and

D
Ph
ak �t� can be related to the Fourier transform of ��t� by the

ollowing equations:

�Ph�
� = ibk��
� �20�

GD
Ph
ak�
� = 
aki�ak+bk���
� �21�

The phase-shifted fractional order derivatives of ��t� impart the
nticlockwise hysteretic nature to the variation in R�t� with ��t�.
he terms in

�
l=1

N−M

Cl+M�
0

t

e−pl�t−������qld�

re functions of strain, which keep increasing with time at a de-
aying rate for positive values of strain. These terms are used to
ake care of the property of the material, which causes its hyster-
sis loop to move upward with a number of cycles of applied
train.

By using the numerical scheme in Eq. �5� for fractional deriva-
ive and trapezoidal rule for integer order integral, the instanta-
eous value of resistance can be calculated at any time instant tm
y the following relation:

R�tm� = R1�tm� + R2�tm� �22�
here

ournal of Applied Mechanics
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R1�tm� = C0��tm� + �
k=1

N
Ck	t−ak

��2 − ak�
� �1 − ak�

m�ak� �Ph�t0� + �
j=0

m−1

��j

+ 1��1−ak� − j�1−ak����Ph�tm−j� − �Ph�tm−j−1���
and

R2�tm� = �
l=1

N−M
Cl+M

2 	e−pl�tm−t0���t0� + 2�
j=0

m−1

e−pl�tm−tj���tj� + ��tm�
	t

Here, t0=0. �Ph�
� can be calculated by using Eq. �19� after
obtaining ��
� by performing fast Fourier transform �FFT� of
��t�. Then by the inverse Fourier transform �IFFT� of �Ph�
� and
�Ph�t� can be obtained. �Ph�t� depends on unknown parameters bk.
Unknown parameters involved in Eq. �22� are Ck�k=0,M�, ak�k
=1,N�, bk�k=1,N�, pk�k=1,M −N�, and qk�k=1,M −N�. These
parameters have been found out by minimizing e in Eq. �16�,
where R�tm� is given by Eq. �22�. The constraints used are 0
�ak�k=1,N��1 and bk�k=1,N��0.

4.2 Model 2: Fractional Integral Model. In this model, the
change in resistance has been taken as a combination of the
changes in resistance caused by the instantaneous strain ��t� and
its different fractional order integrals. So, the governing equation
for this model is

R�t� = C0��t� + �
k=1

N

CkJ
ak���t�� �23�

Using the numerical scheme described in Eq. �6�, it can be written
as

R�tm� = C0��tm� + �
k=1

N
Ck	tak

��2 + ak�
� �1 + ak�

m�−ak� ��t0� + �
j=0

m−1

��j + 1��1+ak�

− j�1+ak�����tm−j� − ��tm−j−1��� �24�

Hence, in submodel 1, the unknown parameters Ck�k=0,N� and
ak�k=1,N� were found out by minimizing the error defined in Eq.
�16�, after substituting R�tm� from Eq. �24�. Constraints used in
the minimization are 0�ak�k=1,N��1.

Submodel 2 involves some modification of Eq. �23�. In the
frequency domain Eq. �23� can be defined as

R�
 j� = C0��
 j� + �
k=1

N

Ck�i
 j�−ak���
 j�� �25�

According to the discussion in Sec. 3, the multiplication of i−ak

with each Fourier component of strain causes a phase-shift and
imparts a hysteretic nature in the resistance-strain variation and
multiplication of 
−ak with each Fourier component of strain
causes the resistance-strain variation to be dependent on the rate
of the application of strain. Submodel 2 aims to take care of these
two effects independently. Hence, Eq. �23� was modified as

R�
 j� = C0��
 j� + �
k=1

N

Ck�i
 j�−akibk��
 j� �26�
In time domain, Eq. �26� can be written as

MAY 2010, Vol. 77 / 031004-5
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R�t� = C0��t� + �
k=1

N

CkJPh
ak ���t�� �27�

here JPh
ak ���t��=Jak��Ph�t��, where �Ph�t� can be calculated fol-

owing the procedure described in model 1.
The value of resistance at each data point can be calculated by

Fig. 6 Comparison of results from di
he following equation:

31004-6 / Vol. 77, MAY 2010
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R�tm� = C0��tm� + �
k=1

N
Ck	tak

��2 + ak�
� �1 + ak�

m�−ak� �Ph�t0� + �
j=0

m−1

��j + 1��1+ak�

− j�1+ak����Ph�tm−j� − �Ph�tm−j−1��� �28�

ent models with experimental results
ffer
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In this submodel R�tm� has been used and substituted in Eq.
16� from Eq. �28�. By minimizing e with constraints 0�ak�k
1,N��1 and −1�bk�k=1,N��1, unknown parameters Ck�k
0,N�, ak�k=1,N�, and bk�k=1,N� have been determined.

Results From Error Minimization
Unknown parameters associated with different models have

een estimated by minimizing the sum of the squares of errors e
n the time interval �0,200� seconds �considering the cyclic varia-
ion in resistance with the cyclic strain only� of data set 1. Param-
ter estimation was done by assuming N=3 and M =6 and by
ssuming N=5 and M =8 to observe the improvement of results
ith an increase in the number of parameters. Using these param-

ters, the output resistance due to the type of input in data set 1
as been determined and its variation with strain and time has
een shown from 0 s to 400 s in Figs. 6�a� and 6�b� and Figs. 6�c�
nd 6�d�, respectively. Tables 1 and 2 show the unknown param-
ters obtained from error minimization. Using the parameters in
ables 1 and 2 a variation in electrical resistance for input in data
et 2 was determined. Results are shown in Figs. 6�e� and 6�f�.
ables 1 and 2 show the percentage of error in different models
sing various numbers of parameters. The error was calculated
sing the expression ��100��i=0

n �Rex�ti�−R�ti��� / ��i=1
n �Rex�ti����%.

Discussion
The comparison with experimental data set 1 shows that all the
odels are appropriate enough to simulate the path-dependent be-

avior of these materials for that strain rate. An increase in the
umber of terms involving both fractional derivative or fractional
ntegral results in the improvement of the result. Results from all

Table 2 Values of parameters and e

Model Parameter Value

Model 1 Ck�k=0,8� 

756.9331, 
30
624.0835, −78.083

ak�k=1,5� 
0.0001, 0.040
bk�k=1,5� 
−0.0002, −0.0801,
pk�k=1,3� 
0.626
qk�k=1,3� 
0.971

Submodel 1
of model 2

Ck�k=0,5� 
5.0950, 
61.
−46

ak�k=1,5� 
0.3820, 0.162
Submodel 2
of model 2

Ck�k=0,5� 

136.1364, 61
139.

ak�k=1,5� 
0.0001, 0.599
bk�k=1,5� 
0.0195, −0.7070

Table 1 Values of parameters and e

Model Parameter V

Model 1 Ck�k=0,6� 

1000.0000,
1.610

ak�k=1,3� 
0
bk�k=1,3� 
−0.1
pk�k=1,3� 
0
qk�k=1,3� 
0

Submodel 1 of model 2 Ck�k=0,3� 
−32.5047
ak�k=1,3� 
0

Submodel 2 of model 2 Ck�k=0,3� 
21.932
ak�k=1,3� 
0
bk�k=1,3� 
0.9
he models with N=5 and M =8 �for models 1 and 3� show quite

ournal of Applied Mechanics

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
a satisfactory match with the experimental result with very small
errors. Parameters determined by minimizing the error in the time
interval �0,200� seconds of data set 1 predicts the relaxation in the
time interval �200,400� seconds accurately, as shown in Figs. 6�c�
and 6�d�. However, the model involving fractional integral �model
2� is more accurate as compared with the one involving fractional
derivative �model 1�. Including the effects of phase-shift and rate
dependence independently �submodel 2 of model 2� imparts more
flexibility to this model. But a comparison with experimental data
set 2 obtained by applying time-dependent strain with a higher
strain rate shows that submodel 1 of model 2 is not robust enough
to take care of input rate dependence. Model 1 and submodel 2 of
model 2 are more capable of taking care of the input rate depen-
dence. Submodel 2 of model 2 matches the experimental results at
different strain rates with minimum error.

7 Conclusion
Models based on fractional calculus have been developed to

model the hysteresis in conductive polymers. The accuracy of the
models have been explained by a comparison with the experimen-
tal result and their robustness has been verified by a comparison
with the experimental results at different strain rates. Submodel 2
of model 2, involving linear function, fractional integral with
phase-shifting was observed to be the most accurate and robust for
our application. The proposed approach can be used to model any
system with hysteresis.
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� � strain
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 � angular frequency
� � hysteresis operator in the Preisach model
� � parameter, representing the up-switching value

of the hysteresis operator in the Preisach
model

� � parameter, representing the down-switching
value of the hysteresis operator in the Preisach
model

� � weight function associated with � in the Prei-
sach model

a � order of derivative and integral in the frac-
tional calculus model

b � parameter for phase-shifting in the fractional
calculus model

C � coefficients multiplied with strain and its dif-
ferent orders of derivatives and integrals in the
fractional calculus model

x � Fourier coefficients
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